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Abstract - In this study the nonlinear analysis of 2 DOF vibration systems with weakly nonlinear damper is studied. A
linear vibration absorber is used to suppress the nonlinear vibrations of forced nonlinear damping system. A simple
perturbation method known as straight forward expansion is used to find the approximate analytical solution. On the
basis of this solution, a time with displacement graph is obtained. Using the same system parameters, a computer
generated graph is also formed. Both graphs are studied. As the graphs are found to be valid, further studies are being
conducted with the help of frequency response curves, time plots and phase planes.

IndexTerms - Degrees of Freedom, Dynamic Vibration Absorber.

I. INTRODUCTION

Many practical systems we are experiencing in our day to day life are nonlinear in nature. However; the presence of non-
linearity introduces dangerous instabilities, which in some cases may result in amplification rather than reduction of the vibration
amplitudes. Many researchers have used springs as nonlinear system. Here an attempt is made to analyse the nonlinearity of a
vibrating system using nonlinear damper for the reduction of vibration. The mathematical models of the nonlinear systems are
represented by nonlinear differential equations. Hence, there are no general methods for the analysis and synthesis of nonlinear
control systems. Various methods of solving the nonlinear vibration problems are Lindstedt’s perturbation method, the iterative
method and the Ritz- Galerkin method. The nonlinear systems do not obey superposition principle. For this reason, the response
of nonlinear systems to a particular test signal is no guide to their behaviour to other inputs. The nonlinear system response may
be highly sensitive to input amplitude. Hence, in a nonlinear system, the stability is very much dependent on the input and also the
initial state.

Our main aim in this paper is to analyze the nonlinearity of a vibration system with weakly nonlinear damper. The
approximate analytical solution for nonlinear system with nonlinear damper is carried out by using straight forward expansion.
The time plots with displacement are also plotted. A comparison of plots is made with the computer generated solution obtained
from MATLAB to ensure the validation of the solution.

Abbreviations
DOF- Degrees of freedom
DVA- Dynamic Vibration Absorber
Il. RESEARCH METHODOLOGY
2.1 Mathematical Modeling Using Nonlinear Damper
The mass, M is attached to a rigid boundary through a spring & viscous damper of linear plus nonlinear characteristic, as
shown in Figure 1. The displacement of the nonlinear primary system & the linear absorber system are denoted by x & Xa

respectively. By applying Newton’s second law of motion, two equations of motion for the new system composed of the
nonlinear primary system incorporated by a linear absorber system may be written as
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Fig.1 System with Nonlinear Damper

M + Kx — k,(x, — x) + Cx + ¢;x%% = Fycoswt 6))
myX, + ky(x, —X) + c,%, =0 2)

Where M, K, C, ¢1 and mj, Ka, Ca are the system parameters for primary nonlinear system and secondary absorber system
respectively. Dividing M on both sides of Eq.1 & dividing m, on both sides of Eq.2 & then rewriting the resultant equations

yields the following equations.

%+ (K+—ka) X — (E) Xy + (%) X+ (Cﬁl) x*% = (Fo/M)coswt  (3)

M M
. kg _ ). _
X, + (m_a) (%, —x) + (ma) X, =0 4)
%+ w?x — mw3x, + WX + ex?x = Fcoswt ()
jia + (‘)g(xa - X) + HzXa =0 (6)

The solution x of our problem is a function of the independent variable t and the parameter, € i.e. x = X(t;€). One of the
perturbation method known as the straight forward expansion is used to expand the above equations to determine the analytical
solution. The straight forward expansion in the form of a power series in € is given by

x(t; €) = xo(t) + exq (£) + €2x,(1) + €3x3(8) + - @)

Here only the first term in the correction series is considered and neglecting the higher order terms, so that the
approximate solution in the form

x(t; €) = xo(t) + ex,(t) )
Substituting Eq.8 into Eq.5 and Eq.6, and equating each of the coefficients of €° & €! to zero

Xy + 02Xy + WX = Fcoswt + mw?2x,, 9)
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Xl + (D%Xl + XOZJ-CO + u'l)-(l = m(l)gxal (10)
Rao + W5Xa0 + HaXao = W3Xg (1D
Xap + wixal + WoXa1 = ngl (12)

Since Eq.9 is inhomogeneous, its general solution can be obtained as the sum of a homogeneous solution and any
particular solution. Therefore the complete solution is given by

Xo(t) = xp(t) +xp(1) (13)
Xo(t) = Ae=3219 cos(wgt — ) + X, cos(wt — ) (14)

To find xa(t), solve for unknowns X1 & Xa1. Eq.10 & Eq.12 on rearranging gives

% + 0ixg + % — MwiXa = —(Xe %) (15)
Xa1 + WiXa1 + HaXap — 03X = 0 (16)
(D? + wf + Dpy)xy — MwiXa; = —(Xo?%) (17)
(D? + W] + Dpp)Xay — wix; =0 (18)

In order to find the solution of x; & Xa1 from the above Eq.17 & Eq.18, multiply Eq.17 by 0.? & Eq.18 by (D? + w? +
Dy, ) and then adding the resulting equations will give

(D? + w? + DYy)(D? + w2 + Dy)x,; — mMwix,; = —(x3%y) w? (19)
(D* + D*(w3 + wf + 1) + D3y + ) + D1y w3 + 107) + 0 wi — mw;)xa; = —(X5%e) w3
(D* + C;D3 + C,D? + C3D + Cy)xy; = (00X cos? (ot — §)) wZsin(wt — )
(D* + C,D3 + C,D? + C3D + C,)x,; = Cs cos?(wt — ¢p)sin(wt — ) (20)
Using trigonometric relations,
cos?(wt — ¢) = 1 — sin?(wt — ¢) 3]
sin® (ot — §) = >sin(wt — ¢) — sin3(wt — §) (22)
Substituting Eq.21 & using the trigonometric relation in Eq.22 into Eq. 20, will give

1
a1 = D% £ ;D% + C,D% + CD + C,)

. Cs | 3Cs
(Cs sin(wt — ¢) + Zsm 3(wt— ) — Tsm(wt )

1
Xalp = (D73 ¢,D7 + ,DZ + C,D + C,) Us @

d) + C; sin3(wt — ¢) + Cgsin(wt — d))

1
X =
alp ™ (p44+C;D3+C,D2+C3D+Cy)

(Cgsin(wt — d) + C, sin3(wt — b))  (23)

Xalp = PIl + PIZ (24)

1

PI, =
17 (D* 4 ;D3 + C,D2 4+ C3D 4 C,)

(Cg sin(wt — ¢))

Put D?= -?

1

PI, =
17 (w* = Cw? + C, + (C; — C,w2)D

) (Cg sin(wt — ¢)
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PI, (Cg sin(wt — ¢)

"~ (Cq + CyD)

Multiply both numerator and denominator by the conjugate of (Cq + C;,D) & then on solving gives

1

PI;, = @read) (CgCosin(wt — ) — wCgCypcos(wt — b)) (25)
1
PI, = C, sin 3(wt —
2= DF D + D2 4 CyD 4 ¢y L7 SN 3wt =)
Put D2= -9w?
1
PI, (C; sin 3(wt — d))

~ (8lw?* — 9C,0% + C, + (C; — 9C,w?)D)

PI, (C; sin 3(wt — ¢))

~ (Cyy +Cy2D)

Multiply both numerator and denominator by the conjugate of (C;; + C;,D) & on solving gives

1
T (C2,+9C2,02)

PI, (C,Cy; sin3(wt — p) — 3wC,Cq5 cos3(wt — b)) (26)

1 .
Xa1p = Grc2eod) (CBCQSln((ﬂt — ) — wC;Cgcos(wt — d))) +

W (C7C11 sin 3(0.)t = q)) = 3(1)C7C12 Cos 3((1)t - q)))

Xa1p = Cyzsin(wt — ¢) — Cy4cos(wt — ¢) + Cyssin3(wt — ¢) — Cy4c083 (0t — P)
(27)

Substitute Eq.27 into Eq.18 & then on solving gives
2
X1p(t) = %(—C13 sin(wt — ¢) + Cy4cos(wt — $) — 9C;5sin3(wt — @) + 9C;4c083(wt — P) + (Cy3sin(wt — §) —
a

Cyycos(wt — @) + Cyssin3(wt — ¢) — C4cos3(wt — q>)) + lLz)—;”(Clg,cos(oot — ¢) + Cyysin(wt — ¢) + 3C5cos3(wt — d) +
3C,6sin3 (ot — ¢)) (28)

Where Cy, C 2, Cs ....Cyg are constants. The complete solution is given by x; (t) = x4 (t) + X4, (t). For an under damped
system xan(t) is given by

X1, () = AeC75019 cos(wyt — P) (29)
Thus the approximate solution can be obtained by substituting Eq.14, Eq.28 & Eq.29 into Eq.8
x(t; €) = xo(t) + ex, (t) + -+

F
= Ae(7321Y cos(wqet — ) + - cos(wt — ) +

[{(wt —on) -

€ [2—2(—@3 sin(wt — ¢) + Cy4cos(wt — ¢) — 9C;ssin3(wt — d) + 9C;4cos3(wt — ) + (C13sin(wt —¢) — Cy,cos(wt —

1 Nk 2, 2|7
ol a? mwit + o

®) + Cyssin3(wt — d) — Cicos3(wt — cl))) + lZ—;‘)(chos(wt —¢)+ Cyysin(wt — ¢) + 3C;5cos3(wt — ) +

3Cy6sin3(wt — ¢))> + Ae=%19 cos(wgt — lIJ)] (30)
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I11. VALIDITY OF THE SOLUTION

This section deals with the comparison of the graphs obtained from analytical solution with that of a computer generated
mat lab solution, so that the validity of the solution can be assessed.

3.1 Analytical Solution
On the basis of the above solutions, a time with displacement graph is generated. The time plots generated from the

analytical solutions for the system parameters M=10kg, m,=0.8kg, K=15N/m, k,=10N/m, C=0.15Ns/m, c,=0.03Ns/m,
¢1=0.1Ns/mq, Fo=5.5N are shown in Figure 2.

0.5 .
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1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800
t

Fig.2 Analytical Solutions

3.2. MAT-LAB Solution

In equations of motion, take x = y(1), x = y(2), x, = y(3) & X, = y(4), so that the derivatives of y(1), y(2), y(3) &
y(4) are y(2), %X, y(4) & %,. For obtaining the time plots, y(2), ¥, y(4) & %, are taken as functions f(1), f(2), f(3) & f(4)
respectively. By using these functions different time plots with displacement, velocity, acceleration of the system can be plotted.

For the system with nonlinear damper, say
f(1) =y(2),

a

Fo K+ k, C o
f(2) = 37 cos ot ———2y(1) + 12¥(3) ~ =@ — y(D?(2)

M
f3) =y(4),
k, Ca
f@) = ——(y(3) ~y(D) - —y(4)

The time plot generated from these functions using the same system parameters used above are shown in Figure 3.
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Fig.3 Mat lab solutions

It is observed that the graphs are almost similar in various situations which ensures the validity of the approximate
analytical solutions. The slight discrepancy seen in the graphs are due to the approximations that already taken earlier in Eq.8.

IV. RESULTS AND DISCUSSION
4.1. Numerical Simulations

This section presents illustrative examples to show the effectiveness of the nonlinear damping system for suppressing the
nonlinear vibrations under primary resonance conditions. As the graphs are found to be valid, further studies are being conducted
with the help of frequency response curves, time plots and phase planes. Numerical simulations have been performed under the
following values of the system parameters shown in Table 1. The linearized natural frequencies of the nonlinear primary system
before and after being attached by the vibration absorber are found to be approximately, ®10=2.098 rad/sec, ®1=2.280 rad/sec and
natural frequency of the absorber be ©,=3.651 rad/sec.

Table 1 System parameter values

Primary | Absorber | Linear | Absorber | Primary | Absorber | Nonlinear | External
mass, mass, | stiffness, | stiffness, | damping, | damping, | damper, | Excitation,
M Ma K ka C Ca C1 FO
(kg) (kg) (N/m) (N/m) (Ns/m) | (Ns/m) | (Ns/md) (N)
10 0.6 44 8 0.1 0.08 0.01 4.5

Using the system parameters given above, the displacements of the primary system for different time period have been
plotted as shown in Figure 4. It is observed that for a small value of damping the amplitude goes on decreasing with time. For

time t=450s, the amplitude almost reaches zero.
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Fig.4 Response of the nonlinear system at ¢;=0.01

The response of the system for different values of ¢; =0, 0.01, 0.1 & 0.5 are shown in Figure 5. It is seen that the nature
of the graph may not be changed for smaller nonlinear damping values.
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Fig.5 Response of the nonlinear system at c1=0, 0.01, 0.1, 0.5
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4.2. Stability of the System
The trajectory in the phase plane for the system with nonlinear damping as shown in Figure 6. It is seen that the system

is stable as the trajectory approaches to zero. It is also observed that smaller nonlinear damping values will have no effect as the
phase plane remains in the same fashion.
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Fig. 6 Phase plane for the nonlinear system with ¢1=0.01

4.3. Frequency Response Curves

The amplitude spectrum for the system with nonlinear damper with the function of frequency as shown in Figure 7. It is
found that increase of absorber damping as well as nonlinear damping leads to reduction of peak amplitude at resonant
frequencies. It is seen that for a nonlinear system, a small amplitude peak is observed. This is because the proposed nonlinear
structure is a 2DOF system so that the system has two linearized natural frequencies.

Single-Sided Amplitude Spectrum of x(t)
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Fig. 7 Single-sided Amplitude spectrum of x(t) (Nonlinear damper)
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V. CONCLUSION

In this paper, the nonlinear analysis of a vibration system with weakly non-linear damper is studied. A simple
perturbation method known as straight forward expansion is used to find the approximate analytical solutions. Neglecting the
higher order terms in the expansion, the approximate analytical solutions for the given model was derived. On the basis of this
solution, a time with displacement graph is obtained. Using the same system parameters, a computer generated graph is also
formed. Both graphs are studied. . It is found that the plots are almost identical in various situations which ensure the validity of
the analytical solutions. The slight discrepancy seen in the graphs are due to the approximations that already taken earlier in Eq.8.

As the graphs are found to be valid, further studies are being conducted with the help of frequency response curves, time
plots and phase planes. It is found that the nonlinear system with nonlinear damper will reduce the amplitude of the primary
system in comparison with that of the linear system. The stability and the response of the system is also studied with the help of
phase plane. It is also found that the entire trajectory in the phase plane approaches to zero due to damping & the system is stable
and it is also observed that smaller nonlinear damping values will have no effect as the phase plane remains in the same fashion.
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