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Abstract - In the present work different architectures of Radial Basis Function Networks (RBFN) with supervised
learning are trained and tested for solving forward kinematics (FK) of a 3-3 UPU manipulator which can predict end
effector location uniquely for real time implementation of the manipulator. Performances of the architectures during
training and simulation are also analysed in detail and its superiority over traditional backpropagation is also
established. An attempt is also taken to find empirical equations to predict the error during training and simulation
with variation in spread and fixed hidden layer neurons in RBFN for the present problem. Performance of the
network for tracking a trajectory in a plane is also shown. Ultimately it is found that, the best architecture among
tested can predict any arbitrary location in the workspace of the manipulator with maximum errors and average
errors of 0.018339 cm and 0.001860 cm during simulation. As errors during simulation are confined only within a
very small range it can be easily applied in real time applications.

Index Terms - Forward kinematics (FK), 3-3 UPU Manipulator, Radial Basis Function Networks (RBFN)
_____________________________________________________________________________________________________

I. INTRODUCTION
Generally the parallel manipulator consists of a moving platform attached with base plate by means of a set of identical

parallel kinematic chains, called legs. The legs are usually equal to the degrees of freedom of the manipulator. Gradually it
was found that parallel manipulators with lesser degrees freedom have certain advantages over conventional six limb parallel
manipulators such as easier FK, larger work space, no need of complicated spherical joint etc. Initially manipulators having
lesser degree of freedom are developed by Clavel [1] and Sernheim [2] known as 4-dof high-speed Delta Robot. Gradually
Tsai and Joshi [3] have developed a 3 DOF UPU manipulator and its kinematics is analyzed. Kinematic analysis of such
manipulators is performed in two phases. In the inverse kinematics (IK) solution of this manipulator, location of the centre of
the moving platform is given as input to find out the length of the legs uniquely for the specific location of the manipulator.
But generally solution of FK involves multiple possible location of the mobile platform for a known set of input leg length
with respect to base frame and creates difficulty for real time application. For real time application it is required to determine a
particular solution (the actual one) out of all possible solutions as fast as possible. As closed form solutions are found unable
to find out an unique solution for end effector location, different numerical approaches were applied to conventional 6 DOF
manipulators [4, 5, 6, 7,8,9,10,11]. But they were also found unsuitable for the real time implementation due to their inherent
problem of large iteration time and tendency to reach local minima. Gradually neural network is found as a suitable
supplement of the above methods for 6-6 manipulators in real time application [12,13,14]. In the present work neural network
approaches are applied for forward kinematic analysis of a 3 DOF UPU manipulator developed by Tsai and Joshi [3].
Previously no attempt has been observed for solution of FK of this manipulator using neural networks.

In the present paper different architectures of RBFN are trained and tested for solution of the forward kinematics.
Empirical equations are established to predict the error during training and simulation with variation in spread and fixed
hidden layer neurons in RBFN for the present problem. Moreover, the performance of the best architecture among tested, is
discussed in detail and its performance compared with traditional BP.
II. CONSTRUCTION OF THEMANIPULATOR

In the present study a three degree of freedom parallel manipulator is considered where both the moving and base platform
is of the shape of irregular triangle. Both the moving and base platforms are coupled by means of three legs. Ai and Bi are the
vertices of moving platform and base plate respectively with respect to OUVW and OXYZ system. O and Oi are the centre of
base and moving plate respectively. Ai and Bi are the position vectors of the vertices of the base plate with respect to origin of
OUVW and OXYZ coordinate systems respectively. Li are length vectors of legs. In the present manipulator the base and the
mobile platforms are similar that is they are of the same shape but of different sizes such that,

Ai = μ Bi ( i = 1, 2 and 3) (1)
where μ is a given constant called scaling factor.

So, Ai’s can be easily determined if Position vector Bi with respect to origin O in OXYZ coordinate is known for a
specific value of μ. Each of the leg vectors are denoted from Bi to Ai by Li, such that,

iii BAL iL , i=1, 2 and 3 (2)
Each leg is attached with a two degree of freedom universal joint at the base and at the moving plate. But the moving

platform changes its location by the actuation of the prismatic joint attached with each leg in between two universal joints as
shown in Fig.1.
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Figure1. A 3-3 UPU Manipulator
III. FORWARD KINEMATICS SOLUTION
Generation of dataset

In the present study O is the centre of the base plate known to be a fixed point (0, 0, 0) and Bi is calculated.  is taken as
0.5. The primary location O1 is assumed to be at (0, 0, 15) with respect to base platform. The upper platform is moved in
different locations randomly within the workspace and positions of the O1 at every position are noted. Then IK is used here as
a means of calculation of leg lengths.If P be the position vector between two origin points O and O1, the length of the each leg
can be obtained by

   PBERPBER  i
T

iiL )()(2  i = 1,2,3. (3)
Where E is 3x3 identity matrix and due to the specific structural constraint of the present manipulator rotation matrix, R is

also taken as identity matrix.
ie.      2

1
)()( PBERPBER  i

T
iiL  i=1,2,3. (4)

Here, negative results are meaningless, so it can be omitted.This formulation is used here to find out the IK in the present
problem only after getting the required information about  , R, Bi and P.Set of leg lengths are calculated uniquely from (4).
The feasible solution set generated in this way ultimately contains 2543 sets of position with corresponding set of the length of
the legs. As all the data has been generated randomly in the workspace, it can be considered that they are free from bias. So,
out of the total data set first 2500 set are considered as training data and rest 43 data set are as testing or simulation data. Here
each set contains three input data such as leg lengths and three output data ie. position of the end effectors.
Training and simulation using artificial neural networks

One main advantage of artificial neural networks is their ability to model complex nonlinear relationships between
multiple input variables and the required outputs. Generalization along with approximation is considered here as most
important property of the feed forward ANN [15]. Generally they are massively parallel adaptive networks consists of simple
nonlinear computing elements called neurons. Each neuron receives signals as input which passes through a weighted pathway
in order to generate a linear weighted aggregation of the impinging signals. It can be then certainly transformed through an
activation function to generate the output signal of the neuron. The activation functions may be binary threshold, linear
threshold, Sigmoidal, Gaussian etc.

In the present problem numbers of input nodes are three representing the leg lengths from L1 to L3 respectively.
Consequently, number of nodes in the output layer is also three which represents the position coordinates of the end effector in
X, Y and Z direction respectively. Number of neurons in the hidden layer can be varied according to the requirement.
Application of RBFN

A feed forward network RBFN is employed for the present problem where no weighted connection exists between input
and hidden layer. It computes hidden neuron activations using Gaussian basis function which is an exponential of the
Euclidean distance measure between the input vector and a prototype vector that characterizes the signal function at hidden
neuron. It can be given by,
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(5)
Where μ is the center of the basis function, which may be the training data points in this case and σ is the spread factor

having a direct effect on the smoothness of the interpolating function. The linearly activated output layer bears a weighted
connection with hidden layer and produce output as scalar product of hidden layer output and weight vector. Basic structure of
a RBFN is shown in Fig.2.
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Figure2. Architecture of the Radial Basis Function Networks

Table 1. Training and Simulation Data for RBFN

In the present study RBFN is used for a function approximation problem where input and output variables has fixed three
numbers of nodes and supervised learning is used here for training where the centre and output layer weights are updated after
each epoch and network is considered to be trained only when the output error falls below a predetermined value. Altogether
16 different networks have been tested with spread factor varying from 0.5 to 2.0 with a constant basis function in order to
find out the network with optimum approximation capability. Here all data in the input and output are normalized first and
then fed as input and output to the networks. Mean square error (mse) is considered as criterion of performance of network
during training and simulation. Before starting training, random initialization is used for weights. Each network is trained over
1000 epochs in this purpose. Then the trained network is simulated for the 43 sets of unknown test data. All the performance
indices such as mean square error (mse), sum of the square error (sse) and mean average error (mae) are calculated for each
case. The simulation is also done with the training or input data to show performance of the network with known value. All the
training and simulation is done by MATLAB 7.0 in a Pentium 4, 3 GHz, and 512 MB PC. Training and simulation data for all
the networks with RBFN are shown in the Table1.
Performance study of networks during training and simulation

In this section variation of number of neurons with sse during training is plotted in Fig.3. It is observed that the upto RBF 9
errors reduces rapidly with increase in number of spread but it after that reduction rate becomes very slow. Using Curve
Fitting Toolbox of MATLAB 7.0 it is also observed that variation in spread can be fitted well with sse upto an R-square value
of 0.9905. The curve can be expressed with an empirical equation at 95% confidence interval:

Network
name

Training Simulation

Spread
Time
elapsed
in sec SSE

With Unknown test data Trajectory

MSE SSE MAE MSE SSE MAE
RBF1 0.5 47.438 0.0542 1.1348e-7 1.4639e-5 2.2941e-4 1.1194e-7 9.0668e-6 2.1663e-4
RBF2 0.6 42.688 0.0164 1.0174e-7 1.3124e-5 2.0289e-4 8.5033e-8 5.8092e-6 1.4822e-4

RBF3 0.7 40.628 0.0142 1.0061e-7 1.4251e-5 2.0147e-4 6.4721e-8 5.7868e-6 1.8339e-4
RBF4 0.8 38.394 0.0085 9.3628e-8 1.0378e-5 1.6482e-4 4.6802e-8 3.7910e-6 1.2807e-4

RBF5 0.9 36.741 0.0099 9.6884e-8 1.2498e-5 1.7199e-4 4.7808e-8 1.7581e-6 9.9641e-5

RBF6 1.0 36.056 0.0056 8.9265e-8 1.0138e-5 1.4426e-4 4.4549e-8 1.6783e-6 8.5326e-5
RBF7 1.1 35.634 0.0069 8.7845e-8 1.3308e-5 1.5693e-4 3.6741e-8 6.3482e-6 1.4546e-4
RBF8 1.2 33.812 0.0056 8.7247e-8 1.1255e-5 1.5088e-4 3.7392e-8 4.4668e-6 1.2985e-4

RBF9 1.3 34.050 0.0040 8.4946e-8 9.4617e-6 1.3311e-4 3.6277e-8 6.2866e-7 5.5453e-5

RBF10 1.4 34.235 0.0049 8.1165e-8 1.3206e-5 1.7001e-4 2.4964e-8 2.0221e-6 9.6916e-5
RBF11 1.5 33.078 0.0056 7.5454e-8 7.5605e-6 1.4333e-4 1.5144e-8 1.2266e-6 7.5783e-5
RBF12 1.6 32.457 0.0036 7.2059e-8 1.0869e-5 1.4259e-4 1.8773e-8 1.5206e-6 1.5206e-6
RBF13 1.7 31.857 0.0040 6.8429e-8 7.5709e-6 1.2402e-4 2.0435e-8 2.1472e-6 1.0227e-4
RBF14 1.8 31.141 0.0036 6.5385e-8 7.2722e-6 1.2050e-4 1.3578e-8 1.0998e-6 7.6092e-5
RBF15 1.9 31.235 0.0043 6.8720e-8 8.8649e-6 1.3161e-4 1.6586e-8 2.2817e-6 1.0287e-4
RBF16 2.0 34.015 0.0033 7.4385e-8 9.5957e-6 1.3363e-4 1.8106e-8 6.4886e-7 6.5113e-5
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)09.1exp(02327.0)04.21exp(1502)( xxxf 
(6)

Similarly from the curve plotted between spread and training time in Fig.4, it is observed that as spread increases, train
time is also decreases exponentially with spread:

)03586.0exp(28.34)174.3exp(55.65)( xxxf 
(7)

Fitness of the curve at 95% confidence level is given by the R 2 value of 0.9701. Fig.5 shows the change in mse during
simulation with respect to spread for different architectures. Here also nature of the plot remains same ie. exponential with the
following equation:

)  -0.2084exp(  010-6.927e) -0.3328exp(  007-1.266e)( xxxf 
(8)

Efficiency of fit is given by R2 value 0.9247.
Now from the equation of the curve as given in (6) and (8) variation of mse with spread during training and simulation can

be directly calculated. Similarly, corresponding training time with increase in spread can also be directly obtained from (7).
Thus, to know the effect of mse in training and simulation with any further increase in the spread, no more training is required
for this specified problem. It can be directly predicted from (6), (7) and (8). Thus, for analyzing this specified problem using
neural network with RBFN, requirement of training and simulation is ended here.

It is observed from Table 1 it is clear that within the tested range of RBFN, the network with 1.8 spread and 25 hidden
layer neurons (RBF14) shows maximum reduction in sse upto 0.0036 during training and mse even upto 6.5385e-8 during
simulation with test data which is different from training data. As RBF14 produces minimum mse during training the RBF
with 1.8 spread and 25 hidden layer neurons is considered here as best architecture among tested and analyzed further.

Figure.3. Variation of sse With Spread During RBF Training

Figure.4. Variation of Training Time with Spread During RBF training
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Figure.5. Variation of mse With Spread During Simulation
Comparison with RBF14 and BP Performance study of networks during training and simulation

Here performance of the selected network RBF14 is compared with BP of 3-10-3 architecture during simulation to predict
position of 43 arbitrary locations of the end effector within the workspace, which is different from training data. During this
simulation, error in position is obtained from the difference between predicted positions with the actual one. While comparing
error to predict position of all 43 arbitrary points within the workspace it is found that disregarding some large errors, variation
of errors in RBF14 are confined in very small region compared to BP. Though it is referred to as large errors, from Table 2 it
can be observed that, for BP the absolute maximum error in predicting position is confined only within 0.0365cm and which is
further reduced to 0.0207 cm with the RBF14. Moreover, from Table 2 it is observed that the overall mean absolute error in
predicting position with for RBF14 is only 0.0023cm, in comparison to 0.0059cm for BP. Naturally RBF14 not only shows
significant reduction in maximum error but also truncates the mean absolute error in a great extent, in comparison to BP with
3-10-3 network. In addition to that, it is observed from Table3 that, training time of the BP is 195.797 s which are almost 6
times larger than training time of RBF6 that requires 36.056 s. Thus, RBF6 can be implemented online more effectively in
comparison with 3-10-3 network due to much lesser training time requirement and greater error reduction capability during
simulation to predict arbitrary position within workspace along with orientation of the end effector.

Table 2. Performance comparison of different architectures during simulation

Table 3. Maximum deviation in position from the predicted value during tracking trajectory using RBF14

Simulation
Parameters

Absolute
Maximum
Error
(cm)

Mean
Absolute
Error
(cm)

Overall
Mean

Absolute
Error
(cm)

1
Position

X 0.001085 0.000417
0.0013132 Y 0.001417 0.000597

3 Z 0.008502 0.002925

Performance of RBFN in tracking a trajectory
Though in the earlier section generalization capability of RBF 14 in predicting any arbitrary point within the workspace is

already established, the present study is carried out to find out the capability of the manipulator to track an arbitrarily taken
near circular trajectory in a plane at a height of 10 cm from the base as shown in Fig.6. RBF14 is further employed for the
purpose. It is observed from Table. 3 that maximum absolute error in tracking the trajectory is 0.0085 cm only and overall
mean absolute error is confined only within 0.0013 cm.

Performance
During

Simulation

Network with Best Simulation
Performance

BP RBFN
3-10-3

architecture RBF 14

Maximum
Absolute

Error (cm)

X 0.0121 0.0012
Y 0.0146 0.0204
Z 0.0365 0.02068

Mean
Absolute
Error(cm)

X 0.0029 0.0004
Y 0.0047 0.0005
Z 0.0100 0.0059

Overall Mean
Absolute Error(cm) 0.0059 0.0023

Training Time (s) 195.797 36.056
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Figure 6. Performance of RBF14 in Tracking Trajectory
IV. CONCLUSION

In this paper, FK of a 3-3 UPU parallel manipulator is studied using neural networks in order to avoid limitations of the
conventional closed form solution and numerical methods in real time application. Different architectures of RBFN are used
for training and simulation. Different empirical equations are developed to directly predict the variation of mean square error
(mse) during training and simulation and training time with number of hidden layer neurons without any further training.
Ultimately during simulation, RBF network with 25 neurons and 1.0 spread are considered to be most efficient for the present
problem due to its greater accuracy to predict any arbitrary point within the workspace. In comparison with BP having single
hidden layer, RBFN has shown its superiority not only in accuracy to predict any unknown point within the workspace but
also in training time, which is almost 6 times lesser than BP. Further RBFN is employed for tracking an arbitrary trajectory
with overall mean absolute error of 0.0013 cm. There are no comparable literatures found to show such accuracy in simulation
with unknown test value using RBFN for forward kinematics problem. But the accuracy shown by the best RBF network here
in predicting an unknown point in the workspace is quite adequate for the moderate precision robot, although it may be yet
behind the required accuracy in a very precise robotic application.
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