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Abstract - In this research article an "Exact solutions of a nonlinear diffusion-convention equation" a partial
differential equation is analyzed. Moreover the characteristics and the evolution of time evolution phenomenon as the
speed of the wave solution are adjusted. The equation is a governing equation for the flow of water under gravity
through a homogeneous isotropic porous medium.
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Introduction
The partial differential equation for the given scenario has been expressed, which illustrates the flow of water under gravity
through homogeneous isotropic porous medium, has been derived as follows:

∂u/∂t=∂(un)/∂x+∂2(um)/∂x2, n>m>1

By simplifying the above equation let’s begin our research. The simplified form of ordinary differential equation is as
follows:

(� +푛 � 푛 −1-2휇 � � � −1� ) 푑 � /dY+(� -1)� � −2휇 (1-� 2) (dU/푑 � )2+ � �
� � -1휇 ((1 − � 2)푑 2� /dY2= 0

The aim of this research is to analyze the exact solutions for the equation. Eventually, the analysis of the exact solutions leads
to a hypothesis involving water flow, which we apply to the real world problem of water flow in Baoding city, Hebei Province,
China.

Baoding city water resource:
The Baoding city water resource is one of the primary sources of ground-water in China, and most of China’s water
systems utilize this ground water system. In total it covers over 500,000 square miles of land, and a total of ten- billion
gallons of water is drawn up from it each day. The Baoding water supply system consists of three levels, namely: the upper
confining unit, middle semi-confining unit, and lower semi-confining unit.
Water Scarcity: As water is a renewable resource, it needs to be dealt with much care. 97% of the earth contains the salt
water whereas 3% only the pure water. Most of the pure water comes from rain. Water scarcity is a global issue, this research
project we will be honing in on water scarcity in the Baoding city.
In 2020, the mean air temperature in China was 10.25°C, which was 0.7°C above normal (1981–2010 average), and the
annual rainfall was 694.8 mm, which was 10.3% above normal. In general, disasters caused by rainstorms and flooding were
more serious than those by drought. In summer, southern China experienced the most severe flooding with extreme heavy
rainstorms since 1998. Drought brought slight impacts and losses in China. The seasonal transition from spring to summer
was earlier than normal. High temperatures occurred earlier than normal with extreme values, and lasted longer than normal
in summer over the south of China. The number of landfalling typhoons was lower than normal. Cold-air processes had a
wide influence and brought a substantial decrease in air temperature in local areas. This report explores the characteristics of
wave-like solutions of a partial differential equation and analyzes the behavior and time evolution of the phenomenon as the
speed of the wave solution is adjusted.
Methods:
When we change the PDE to ODE, the new variable is:

� = tanh(휇 � )
where, � = � − � �
So, u(x, t) will becomes U(Ψ). By this change of variables we get ODE.
Power Ser ies Method: The solution obtained by this method is as follows:

� 1 � 2
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(� , � ) = � (� ) = � (� ) = ∑ � k � k + ∑ � � � −�

k=0 � =1
Simplified form of the above equation is as follows:

(� , � ) = � (� ) = � (� ) = � 0+ � 1+ � 1/Y
When these two equations are added, we get an approximation of u(x, t)
Now we substitute m = 2 and n = 3:
We get, (� +3� 2-4휇 � � ) 푑 � /dY+2(1-� 2) (�
�� /dY)2+ 2휇 (1- � 2) � 푑 2� /dY2= 0
Now let’s solve for exact solution. This is the only solution that can be used for real applications, since it is bounded on the
total real line.

The Problem Statement and the Solution:
Problem:
This research problem is to solve the PDE which models the flow of water under gravity through a homogeneous isotropic
porous medium and to observe the physical changes of the traveling wave solutions.
Solution:
There are four solutions to the ODE, and we arrive at them using the tangent hyperbolic method, expressed in terms of
tangent x or tangent hyperbolic x. We use the tangent hyperbolic solution, the reason being that it is the only solution of
the four which is usable for real applications, to obtain significant physical solutions. The solution is as follows:

(� , � ) =√−� .tanh ((1/2)√−� .(� − � � )) , � < 0

The real solution is,
tanh � =(ex-e-x)/( ex+e-x) ≈ lim → 1

� →∞
Because the other three solutions contain discontinuities.
Substituting the values for c and t:
Substituting the values of speed:
c = -0.01, -0.02, and -0.03 and
time: t = 0, 500, 1000, and 1500 seconds into solution.
When c = -0.01,
(� , � ) = √(0.01) tanh(1/2 √(0.01)*(� + 0.01� )) , � = −0.01
(� , � ) = 0.1 tanh ((0.1/2) (� + 0.01� )) , � = −0.01
When c = -0.02,

(� , � )= √0.02 tanh ((1/2) √0.02(� + 0.02� )) , � = −0.02
When c = -0.03,
(� , � ) = √0.03 tanh ((1/2)√0.03(� + 0.03� )) , � = −0.03

Conclusion
From the solution of the equation we conclude that, we infer that as the speed of the tangent hyperbolic wave-like solution
increases the greater the amplitude becomes. From this research we hypothesize that in the real world problem, pertaining to
Baoding water resource system, as the flow of water into the water tanks the amount of water will not decay linearly; rather, it
is exponential decay. We suggest further investigation into this problem in the future because as water scarcity becomes an
issue the need for sustaining the water level in the aquifer becomes extremely important.
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